1. Let n be a positive integer, and let Pn denote the set of all polynomialŝ j"-o ajx', a¡ real. It is known that for every real, finite set C containing at least n + 1 points and for every real function / defined on C there exists a unique q £ Pn such that, for every p 6 P" , (1) max|/(x) -qix)\ ^ max |/(x) -p(x)|.
Furthermore, the determination of this q can be carried out by known methods involving arithmetic operations only, and one can even give at the outset an upper bound (perhaps large) for the number of the arithmetic operations necessary. For instance, the determination of q can be viewed as a linear programming problem.
2. Let / be a real function defined and continuous on [0, 1] . Consider the problem of determining the (unique) p 6 Pn such that for every p £ P" , (2) max l/(x) -pix)\ g max |/(x) -p(x)|.
It has been shown [1] that given a positive n, there is a finite subset C of [0,1] (containing at least n + 1 points) such that the q Ç. Pn satisfying (1) for every p Ç. Pn is within less than n from p throughout [0, 1], i.e., max | p"(x) -<lix)\ < rj.
Ogigl 3. Our purpose is to give such a C in a completely closed form, assuming that / satisfies a Lipschitz condition (Theorem 2), or has a continuous (n + 1 )st derivative (Thereom 1). We make use of de la Vallée Poussin's technique [1] , but employ also some other results. (4) x, -x"_i > ô > 0
Proof of the Lemma. (4) clearly implies that
Therefore, to prove (5) it suffices to show that
If x ^ x" , then Hî-o.^«/1 x -x, | ^ JJ"_0,^y (1 -i>5) . Similarly, (6) holds if x ^ xo. Assume now x0 < x < x" . We shall prove (7) n \x-x,\ <iia-vô). Consequently, we always have ar_i ^ a"_i. Now
where £ is jô if / £ r -1, and is 1 -(n -j)8 if j ^ r. In the first case
(an "empty" product means 1), which proves (7). In the second case also, Also [4] (j = 0,1, •••,n + 1).
Consequently, for every y, ( ^"-o1 A")/Ay < t/ and therefore, by (9), 1 -My < eU/(l + f). So c > 0.
We shall now give explicitly two numbers, either of which can serve as an R. We start by mentioning the following result of Favard [5] and Ahiezer and Krein [6] which strengthens a previous result of D. Jackson. Let F (with period 2x) map the reals into the reals and satisfy for every real Xi, x2, \ P(x2) -P(xi) | ^ L | x2 -xt |, L being a constant. Then for iV = 0, 1, 2, • ■ • , there exists a trigonometric polynomial Tnix) = E?=o avw cos (vx) + 6"(iV) sin (vx) such that max | F(x) -TN(x)\ ^ Lir/{2(N + 1)}.
From this result one obtains by the method of Jackson [7] that for N = 0, 1, 2, there exists &pN(x) = 2Z?=o cyiN)x", c,im being reals, such that max |/(x) -pN(x)\ S Xtt/{4(ÍV + 1)}. We finally make the following remark on the choice of 8. One naturally seeks to take d (and therefore e) as large as possible. If we take e = t/{cV(1 + £/)}_I, then we are interested in minimizing U, i.e., minimizing R/(l -B). Suppose we take R = 2n+1(p + 0pi)[Xx/(40Pl)]2n+7II"=o (2v + l). Then we want to minimize (p + 0p1)0_2n_2/(l -0), a-nd as one easily sees, we have to choose 6 for this purpose as the positive root of pix2 + [(2n + 3)p. -(2n + l)pi][2(n + l)]_1x -p. = 0.
Aerospace Research Laboratories Wright-Patterson
Air Force Base, Ohio
